We study a general Kishimoto's problem for automorphisms on simple C * -algebras with tracial rank zero. Let A be a unital separable simple C * -algebra with tracial rank zero and let α be an automorphism. Under the assumption that α has certain Rokhlin property, we present a proof that A ⋊ α Z has tracial rank zero. We also show that if the induced map α * 0 on K 0 (A) fixes a "dense" subgroup of K 0 (A) then the tracial Rokhlin property implies a stronger Rokhlin property. Consequently, the induced crossed product C * -algebras have tracial rank zero.
Introduction
The Rokhlin property in ergodic theory was adopted to the context of von Neumann algebras by Connes ([3] ). The Rokhlin property (with various versions) was also introduced to the study of automorphisms on C * -algebras (see, for example, Herman and Ocneanu ( [13] ), Rørdam ([28] , Kishimoto ([10] ) and Phillips [27] among others-see also the next section).
A conjecture of Kishimoto can be formulated as follows: Let A be a unital simple AT-algebra of real rank zero and α be an approximately inner automorphism. Suppose that α is "sufficiently outer", then the crossed product of the AT-algebra by α, A ⋊ α Z, is again a unital AT-algebra. Kishimoto showed that this is true for a number of cases, in particular, some cases that A has a unique tracial state.
Kishimoto proposed that the appropriate notion of outerness is the Rokhlin property ( [11] ). Kishimoto's problem has a more general setting:
P1 Let A be a unital separable simple C * -algebra with tracial rank zero and let α be an automorphism. Suppose that α has a Rokhlin property. Does A ⋊ α Z have tracial rank zero?
If in addition A is assumed to be amenable and satisfy the Universal Coefficient Theorem, then, by the classification theorem ( [20] ), A is an AH-algebra with slow dimension growth and with real rank zero. If A⋊ α Z has tracial rank zero, then, again, by [20] , A⋊ α Z is an AH-algebra (with slow dimension growth and with real rank zero). Note that simple AT-algebras with real rank zero are exactly those simple AH-algebras with torsion free K-theory, with slow dimension growth and with real rank zero. It should also be noted ( [18] ) that a unital simple AH-algebra has slow dimension growth and real rank zero if and only if it has tracial rank zero.
If K i (A) are torsion free and α is approximately inner, then K i (A ⋊ α Z) is torsion free. Thus an affirmative answer to the problem P1 proves the original Kishimoto's conjecture (see also [23] ). One should also notice that if α is not approximately inner, K i (A ⋊ α Z) may have torsion even if A does not. Therefore, in Kishimoto's problem, the restriction that α is approximately inner can not be removed. So it is appropriate to replace AT-algebras by AH-algebras if the requirement that α is approximately inner is removed.
In this paper we report some of the recent development on this subject. Let A be a unital separable simple C * -algebra with tracial rank zero and let α be an automorphism on A. In section 3, we present a proof that if α satisfies the tracial cyclic Rokhlin property (see 2.4 below) then the crossed product A ⋊ α Z has tracial rank zero which gives a solution to P1, provided that α r * 0 | G = id G (for some integer r ≥ 1) for some "dense" subgroup of K 0 (A). In section 4, we discuss when α has the tracial cyclic Rokhlin property. The tracial Rokhlin property introduced by N. C. Phillips (see [27] and [26] ) has been proved to be a natural generalization of original Rokhlin towers for ergodic actions. We prove that, if in addition, α r * 0 | G = id| G (for some integer r ≥ 1) for some subgroup G ⊂ K 0 (A) for which ρ A (G) is dense in ρ A (K 0 (A)), then that α has tracial Rokhlin property implies that α has tracial cyclic Rokhlin property. By Theorem 3.4 in section 2, the associated crossed product A ⋊ α Z has tracial rank zero. It should be pointed out that, in the original Kishimoto's conjecture, α is assumed to be approximately inner. In that case, α * 0 = id K 0 (A) . We also show that, the condition that α * 0 | G = id G for some "dense" subgroup G is sometime automatic.
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Preliminaries
We will use the following convention:
(i) Let A be a C * -algebra, let a ∈ A be a positive element and let p ∈ A be a projection. We write [p] ≤ [a] if there is a projection q ∈ aAa and a partial isometry v ∈ A such that v * v = p and vv * = q.
(ii) Let A be a C * -algebra. We denote by Aut(A) the automorphism group of A. If A is unital and u ∈ A is a unitary, we denote by ad u the inner automorphism defined by ad u(a) = u * au for all a ∈ A.
(iii) Let T (A) be the tracial state space of a unital C * -algebra A. It is a compact convex set. Denote by Af f (T (A)) the normed space of all real affine continuous functions on T (A). Denote by ρ A : K 0 (A) → Af f (T (A)) the homomorphism induced by ρ A ([p])(τ ) = τ (p) for τ ∈ T (A).
It should be noted, by [2] , if A is a unital simple amenable C * -algebra with real rank zero and stable rank and weakly unperforated K 0 (A), ρ A (K 0 (A)) is dense in Af f (T (A)).
(iv) Let A and B be two C * -algebras and ϕ, ψ : A → B be two maps. Let ǫ > 0 and F ⊂ A be a finite subset. We write
(v) Let x ∈ A, ǫ > 0 and F ⊂ A. We write x ∈ ǫ F, if dist(x, F) < ǫ, or there is y ∈ F such that x − y < ǫ.
We recall the definition of tracial topological rank of C*-algebras.
Definition 2.1. [15, Theorem 6.13] Let A be a unital simple C * -algebra . Then A is said to have tracial (topological) rank zero if for any finite set F ⊂ A, and ǫ > 0 and any non-zero positive element a ∈ A, there exists a finite dimensional C * -subalgebra B ⊂ A with id B = p such that
If A has tracial rank zero, we write TR(A) = 0.
If A is assumed to have the Fundamental Comparison Property (i.e., for any two projections p, q ∈ A, τ (p) < τ (q) for all τ ∈ T (A) implies that p is equivalent to a projection p ′ ≤ q.), then the third condition may be replaced by τ (1 − p) < ǫ for all τ ∈ T (A). It is proved ( [15] , or see 3.7 of [17] ) that if T R(A) = 0, then A has the Fundamental Comparison Property, as well as real rank zero and stable rank one. Every simple AH-algebra with real rank zero and with the Fundamental Comparison Property has tracial rank zero ( [18] and [6] ). Other simple C * -algebras with tracial rank zero may be found in [21] .
There are several versions of the Rokhlin property (see [13] , [28] , [10] and [7] ).
The following is defined in [26, Definition 2.1].
Definition 2.2. Let A be a simple unital C * -algebra and let α ∈ Aut(A). We say α has the tracial Rokhlin property if for every finite set F ⊂ A, every ǫ > 0, every n ∈ N, and every nonzero positive element a ∈ A, there are mutually orthogonal projections e 1 , e 2 , . . . , e n ∈ A such that:
(1) α(e j ) − e j+1 < ǫ for 1 ≤ j ≤ n − 1.
(2) e j a − ae j < ǫ for 0 ≤ j ≤ n and all a ∈ F.
The following result of Osaka and Phillips is the tracial Rokhlin version of Kishimoto's result in the case of simple unital AT-algebras with a unique trace [11, Theorem 2.1]. Theorem 2.3. cf. [26] Let A be a simple unital C * -algebra with TR(A) = 0, and suppose that A has a unique tracial state. Then the following conditions are equivalent:
(1) α has the tracial Rokhlin property.
(2) α m is not weakly inner in the GNS representation π τ for any m = 0. Definition 2.4. Let A be a simple unital C * -algebra and let α ∈ Aut(A). We say α has the tracial cyclic Rokhlin property if for every finite set F ⊂ A, every ǫ > 0, every n ∈ N, and every nonzero positive element a ∈ A, there are mutually orthogonal projections e 0 , e 1 , . . . , e n ∈ A such that (1) α(e j ) − e j+1 < ǫ for 0 ≤ j ≤ n, where e n+1 = e 0 .
(2) e j a − ae j < ǫ for 0 ≤ j ≤ n and all a ∈ F. Lemma 2.5. Let A be a unital simple C * -algebra with stable rank one and let F be a finite dimensional C * -subalgebra. Suppose that there are two monomorphisms ϕ 1 , ϕ 2 : F → A such that ϕ 1 is not unital and
Then there exists a unitary u ∈ U 0 (A) such that
Proof. Since A has stable rank one, it is well known that there is a unitary v ∈ U (A) such that
Since ϕ 1 is not unital and A is of stable rank one, neither is ϕ 2 . Let e = 1 − ϕ 2 (1 F ). Then e = 0. Since A is simple, eAe is stably isomorphic to A. Furthermore, the map w → (1 − q 1 ) + w is an isomorphism from K 1 (q 1 Aq 1 ) onto K 1 (A). Therefore, since A has stable rank one, there exists w ∈ U (eAe) such that
Then u ∈ U 0 (A). Moreover,
Lemma 2.6. Let A be a C * -subalgebra of a unital C * -algebra C with
Suppose that A has real rank zero and stable rank one, u ∈ C is a unitary such that u * au ∈ A for all a ∈ A and
for all projection e ∈ B and p is a projection with
for any k > 3, there are unitaries w, w 1 , w 2 , ..., w k−1 ∈ pAp such that w * u * buw = b for all b ∈ B, w * = w 1 w 2 · · · w k−1 and
Proof. It follows from 2.5 that there is a unitary w ∈ U 0 (pAp) such that
It follows from [14] that, for any ǫ > 0, there is h ∈ (pAp) s.a with h ≤ π such that
.., k − 2 and
The idea of the proof of the following lemma is quite simple. It is the notation for large matrices in the second part of the proof that make it somewhat lengthy. Lemma 2.7. Let A be a unital simple C * -algebra with real rank zero and stable rank one let C be a unital C * -algebra such that A ⊂ C and 1 A = 1 C , and let B 1 and B 2 be two finite dimensional C * -algebras. Suppose that there are V ∈ U (A), U ∈ U (C) and projections p, q ∈ A with q ≤ p = 1 such that q = p, 
Proof.
i,j } be a system of matrix units for M r l and let
There is a C * -subalgebra B 3 ⊂ B 2 with the form
where F l is a finite dimensional C * -subalgebra, l = 1, 2, ..., k, and
(with the obvious embedding). Denote c
i,j U and e(l) = U * (qe
i.e., W (l) has the form diag( r w(l), w(l), ..., w(l)). As in the proof of 2.5, since qe
1,1 and qe
1,1 , we may assume that w(l) ∈ U 0 (e 
i has the form diag( r w i (l), w i (l), ..., w i (l)). It follows that W b = bW and
(e 2.1)
We also have that Z 1 Z 2 · · · Z m = W and
Now define
We estimate that
Note that,
For each a ∈ B 3 ,
Moreover, for b ∈ B 1 , by (e 2.1),
Thus proof ends if
It is easy to see that, without loss of generality, we may reduce the general case to the case that B 2 = M R for some integer R ≥ 1. With this assumption, now each F l is a simple finite dimensional C * -subalgebra, say
Let {f i,j : 1 ≤ i, j ≤ R} be a system of matrix units for B 2 . We also assume that {f i,j : 1 ≤ i, j ≤ s(1)} is a system of matrix units for
Moreover, we may also assume that b
By what have been proved,
. There are R(2) mutually orthogonal and mutually equivalent projections
There are partial isometries
for some unitary x(1) ′′ ∈ U (d(s(1) + 1, 1)Ad(s(1) + 1, 1)). As 2.6, there are unitaries
i,i ) and
In other words,
We will use the fact that every element in M r 2 ⊂ B 1 and every element in M r 2 (F 2 ) ⊂ B 3 commutes with y(1) and with y(1)
There are R(3) mutually orthogonal and mutually equivalent projections
1,1 − b
There are partial isometries
.
We will use the fact that every element in M r 3 ⊂ B 1 and every element in M r 3 (F 3 ) ⊂ B 3 commutes with y(2) and with y(2) i , i = 1, 2, ..., m. We compute that
We the continue to construct x(3) and x(3) i as before, and construct
We then define
We have
We also have that Y and Y i commute with every element in B 3 and B 1 and
Then we estimate that
Since Y commutes with every element in B 3 , we have
Since Y i commutes with every element in B 1 , as before, we have, for any b ∈ B 1 ,
Then for any δ > 0 there exists σ > 0 and a finite subset G ⊂ A satisfying the following: If
i,j ∈ B be a system of matrix units for M r(s) , s = 1, 2, ..., l. Since A is simple, it is easy to obtain, for each i, elements
It follows that pe
i,i p. We claim that, in fact, a ≥ 1/2. Otherwise a < 1/2. We have
Applying the spectral theorem, if t = a , we have that
It is impossible unless t ≥ 1/2. It then follows from 2.5.5 of [17] that there is a nonzero projection q
The rest of proof is standard and follows from the argument in section 2.5 of [17] and 2.3 of [19] .
Lemma 2.9. Let A be a unital C * -algebra and let V,
Then, for any δ > 0 and any nonzero projection p ∈ A there is η = η(δ, m) > 0 (which does not depend on A) satisfying the following: if
The proof of the above is standard (see for example section 2.5 of [17] ). Lemma 2.10. Let A be a unital C * -algebra. Let k > 1 be an integer. Suppose that there are k mutually orthogonal projections e 1 , e 2 , ..., e k in A and a unitary u ∈ U (A) such that u * e i u = e i+1 , i = 1, 2, ..., k and e k+1 = e 1 .
Suppose that B is a finite dimensional C * -subalgebra in e 1 Ae 1 and z ∈ U 0 (e 1 Ae 1 ) such that
Proof. It is easy to verify that w is a unitary. One estimates that
Note that
Moreover,
The lemma then follows.
Lemma 2.11. Let A be a unital C * -algebra. Suppose that e 1 , e 2 , ..., e n are n mutually orthogonal projections and u ∈ U (A) is a unitary such that u * e i u = e i+1 , i = 1, 2, ..., n and e n+1 = e 1 .
Then {e i : i = 1, 2, ..., n}, {e i ue i+1 : i = 1, 2, ..., n − 1}, {pup}, where p = n i=1 e i , generate a C * -subalgebra which is isomorphic to C(X) ⊗ M n , where X is a compact subset of S 1 .
Proof. It is standard to check that {e i : i = 1, 2, ..., n} and {e i ue i+1 : i = 1, 2, ..., n − 1} generate a C * -subalgebra which is isomorphic to M n . Let z = e 1 u n e 1 . Since e 1 u n = u n e 1 , z is a unitary in e 1 Ae 1 . Suppose that sp(z) = X ⊂ S 1 . Then {e i : i = 1, 2, ..., n}, {e i ue i+1 : i = 1, 2, ..., n − 1} and z generate a C * -subalgebra B which is isomorphic to C(X) ⊗ M n . Note e 1 u n−1 e n = e 1 ue 2 ue 3 · · · e n−1 ue n ∈ B.
We also have that e n ue 1 = (e 1 u n−1 e n ) * z ∈ B.
On the other hand, the C * -subalgebra generated by {e i : i = 1, 2, ..., n}, {e i ue i+1 : i = 1, 2, ..., n − 1} and {pup} contains e n ue 1 as well as z. This proves the lemma.
Tracial rank zero
Lemma 3.1. Let A be a unital separable simple C * -algebra with tracial rank zero and let
(1) pa − ap < ǫ for all a ∈ F, (2) pap ∈ ǫ B for all a ∈ F and
Proof. Fix any ǫ > 0 and any finite subset F ⊂ A and any nonzero positive element b ∈ A + . There are mutually orthogonal nonzero projections r 1 , r 2 ∈ bAb. Since T R(A) = 0, there is a projection q ∈ A and there is a finite dimensional C * -subalgebra B 1 ⊂ A with 1 B 1 = q such that (1) qa − aq < ǫ for all a ∈ F, (2) qaq ∈ ǫ B 1 for all a ∈ F and
i,j } be a system of matrix units, l = 1, 2, ..., k. Put δ = inf{τ (r 2 ) : τ ∈ T (A)}. Note that δ > 0. Since T R(A) = 0 and ρ A (G) is dense in ρ A (K 0 (A)), there is, for each l, a nonzero projection
In other words, p l has the form diag(
. It follows that [p l ] ∈ G and p l commutes with every element in B 1 . We compute that
p l and B = pB 1 p.
It follows that
Therefore, by [15] 
Moreover, we have the following: (i) pa − ap < ǫ for all a ∈ F, (ii) pap ∈ ǫ B for all a ∈ F and 
Then A has tracial rank zero.
Proof. This is known. We sketch the proof as follows: Since A has real rank zero, C(X j ) ⊗ F j is approximated pointwise in norm by a finite dimensional C * -subalgebra, if X j = S 1 . It is then easy to see , with (1), (2) and (3) First show that A has stable rank one (the same proof as that T R(A) ≤ 1 implies that A has stable rank one). Or, as above, first show that T R(A) ≤ 1. Then one concludes that A has stable rank one.
Let u ∈ A be a unitary such that sp(u) = S 1 . So we have a monomorphism h 1 : C(S 1 ) → A. Let G ⊂ C(S 1 ) be any finite subset and ǫ > 0. Let δ > 0 be also given. For any η > 0 and for any projection r ∈ A, there is a projection e and a unitary v ∈ (1 − e)A(1 − e) such that [e] ≤ [r] and u − (e + v) < η.
Write e = e 1 + e 2 , where e 1 , e 2 are two non-zero mutually orthogonal projections. Since A has stable rank one, choose v 1 ∈ e 1 Ae 1 and v 2 ∈ e 2 Ae 2 such that [
and verify that |τ (f (u)) − τ (f (w))| < δ for all τ ∈ T (A) and for all f ∈ G if η is sufficiently small and sup{τ (r) : τ ∈ T (A)} is sufficiently small. It follows from, for example, Theorem 3.3 of [22] , that there is a unitary z ∈ A such that u − z * wz < ǫ if δ is sufficiently small.
In other words, there is a unitary U ∈ A with the form U = U 1 + U 2 , where U 1 ∈ qAq and U 2 ∈ (1 − q)A(1 − q) are unitaries for which [ 
Since A is assumed to have real rank zero, (1 − q)A(1 − q) has real rank zero. It follows from [14] that U 2 can be approximated in norm by unitaries with finite spectrum. From this and together with (1),(2) and (3) above, one easily sees that T R(A) = 0. Theorem 3.4. Let A be a unital simple C * -algebra with T R(A) = 0. Suppose that α ∈ Aut(A) has the tracial cyclic Rokhlin property. Suppose also that there is an integer J ≥ 1 such that
Proof. We first note that, by [10] , A ⋊ α Z is a unital simple C * -algebra.
Let 1 > ǫ > 0 and F ⊂ A⋊ α Z be a finite set. To simplify notation, without loss of generality, we may assume that
where F 0 ⊂ A is a finite subset of the unit ball which contains 1 A and u is a unitary which implements α, i.e., α(a) = u * au for all a ∈ A. Choose an integer k which is a multiple of J such that 4π/(k − 2) < ǫ/256. Put
It follows from Theorem 4 of [8] that A ⋊ α Z has property (SP). Thus there is a nonzero projection r 00 in the hereditary C * -subalgebra generated by b 0 .
Let r ′ 1 , r ′ 2 , r ′ 3 ∈ A be nonzero mutually orthogonal projections. Since A ⋊ α Z is simple, it follows from [4] (see also (2) of 3.5.6 and 3.5.7 in [17] ) that there are nonzero projections
Since T R(A) = 0, by 3.1, there is a projection p 1 ∈ A, p 1 = 1 and a finite dimensional C * -subalgebra B 1 with 1 B 1 = p 1 and [e] ∈ G for each projection e ∈ B 1 such that (a)
for all projections e ∈ B 1 . By 2.5, let w ∈ U 0 (A) be a unitary such that w * (u k ) * bu k w = b for all b ∈ B 1 . Let w i , i = 1, 2, ..., k − 1 be the unitaries in 2.6 associated with integer k and finite dimensional C * -subalgebra B 1 (with u k in place of u). Let G 0 be a finite subset of B 1 which, for each b ∈ F 1 contains an element a(b) such that a(b) − p 1 bp 1 < δ, contains p 1 and contains a systems of matrix units for each simple summand of B 1 . Define
Note that w, w i ∈ F 3 . Let η 1 = (1/2)η(δ, k − 1) be as required by 2.9. Let η ′ 1 = min{η 1 /2, δ/2}. Let σ > 0 and G be associated with B 1 and η ′ 1 /4k in Lemma 2.8. Set
Let η 2 = min{
Note that T R(p 1 Ap 1 ) = 0. It follows from 3.1 again that there is a projection p 2 ∈ p 1 Ap 1 and a finite dimensional C * -subalgebra B 2 with 1 B 2 = p 2 and [e] ∈ G for all projections e ∈ B 2 such that (a')
By the choice of η 2 and by 2.8, there are monomorphisms ϕ ′ 0 : B 1 → B 2 and ϕ ′′ 0 :
and
(e 3.5)
It follows from above and that there are unitaries
Note that [e] ∈ G for all projection e ∈ B 3 . It follows that there exists a unitary U ′ ∈ A such that (U ′ ) * (u k ) * au k U ′ = a for all a ∈ B 3 . It follows from 2.7 that there exist unitaries
, (e 3.6)
for all b ∈ ϕ 0 (B 1 ) and for all b ∈ (1 − p 3 )A(1 − p 3 ), where p 3 = ϕ 0 (1 B 1 ). Set
Let σ 1 > 0 and G 1 be associated with B 3 and η ′ 1 /2 in 2.8. Let η 3 = min{η 2 , σ 1 }. Define
Since α has the tracial cyclic Rokhlin property, there exist projections e 1 , e 2 , ..., e k ∈ A such that (1) above, one estimates that
By (1) By applying 2.9, and using (e 3.10), we obtain unitaries x, x 1 , x 2 , ..., x k−1 ∈ U 0 (e 1 Ae 1 ) such that
x − e 1 W e 1 < δ, x i − e 1 W i e 1 < δ (e 3.11)
. As in 2.10, by (e 3.7),
(e 3.12)
and (Z i ) * e 1 Z i ≤ e i+1 , i = 1, 2, ..., k (e k+1 = e 1 ).
is } be the matrix units for C j , j = 1, 2, ..., N, where C j = M R(j) and put q = 1 B 4 . 
(e 3.13)
ss .
(e 3.14)
It follows from 2.11 that c
11 Z i and c
11 generate a C * -subalgebra which is isomorphic to C(X j ) ⊗ M k for some compact subset
ss is in the C * -subalgebra. Let D be the C * -subalgebra generated by D 1 and c
It follows from (e 3.13) that q (j) and Q commutes with Z. Therefore QZQ ∈ D. Thus, by (e 3.12),
(e 3.16)
From QZQ ∈ D, we also have
(e 3.17)
For b ∈ F 0 , by (e 3.11) and (e 3.9), we compute that
There is a i ∈ G 0 ⊂ B 1 such that
In the following estimation, we let
by (e 3.8) and (e 3.5),
It follows from (e 3.17) and (e 3.16) that Qa − aQ < ǫ for all a ∈ F.
(e 3.20)
For any b ∈ F 0 , a same estimation above shows that
However, by (e 3.9), (e 3.10), (b') and (e 3.10),
Combing (e 3.21) with (e 3.18), we obtain that, for b ∈ F 0 ,
Combing with (e 3.17), we obtain that
(e 3.23)
We also compute that
Combing (e 3.20), (e 3.23) and (e 3.24), by 3.2, we conclude that T R(A ⋊ α Z) = 0.
Remark 3.5. The proof presented above fills a gap in 2.9 of [23] . If α k = id A for some k > 1, however, the proof of 2.9 of [23] works by replacing 2 by k (with D ∼ = e 1 Ae 1 ⊗ M k ). Since in this case the claim that pwp ∈ D remains valid, conclusion of 2.9 of [23] holds. If α J is approximately inner for some integer J > 0, then α J * i = id K i (A) , i = 0, 1. Therefore, the additional condition on α * 0 is not needed in this case (other related results in [23] assume that α r is approximately inner). If A has a unique tracial state then, in Theorem 3.4, the condition that α * 0 fixes a subgroup G ⊂ K 0 (A) such that ρ A (G) is dense in Af f (T (A)) is unnecessary as the following proposition points out. In fact, in the case that A has a unique trace, very often any automorphism fixes one of such subgroups (see 4.6). 
Let τ ∈ T (A) be the unique tracial state. To show that ρ A (G) is dense in ρ A (K 0 (A)), it suffices to show that, for any n > 0, there exists a nonzero projection e ∈ A such that [α 2 (e)] = [e] and τ (e) < 1/n.
Therefore it suffices to show the following, for any 1 > ǫ > 0 and any 0 < δ <
there is a nonzero projection q ≤ p such that p − q = 0,
Because we must have that
2 and that ǫ + δ < 1.
There is at least one such p (namely, 1 A ). For any finite subset (p ∈)G ⊂ A and 0 < η < min{ 
By taking sufficiently large G and sufficiently small η, by applyng 2.8, there exist nonzero projections q, q 1 ≤ p such that q − epe < 2η and
We compute that
A similarly argument also shows that
Tracial Rokhlin Property
Let A be a unital separable simple C * -algebra with T R(A) = 0 and let α be an automorphism on A. We now turn to the question when α has the tracial cyclic Rokhlin property. Let X be a compact metric space, let σ : X → X be a homeomorphism and let µ be a normalized σ-invariant Borel measure. Recall that σ has the Rokhlin property if, for any ǫ > 0 and any n ∈ N, there exists a Borel set E ⊂ X such that E, σ(E), ..., σ n (E) are mutually disjoint and
From this, one may argue that the tracial Rokhlin property for automorphism α above is natural generalization of the commutative case. In fact, from Theorem 2.3, it seems that the tracial Rokhlin property occurs more often than one may first thought and it appears that it is a rather natural phenomenon in the context of automorphisms on simple C * -algebras. Kishimoto originally studied approximately inner (but outer) automorphisms regarding Problem P1. It was recently proved by N. C. Phillips that for a unital separable simple C * -algebra with tracial rank zero there is a dense G δ -set of approximately inner automorphisms which satisfy the tracial Rokhlin property. This shows that automorphisms with the tracial Rokhlin property are abundant. But do they also have the tracial cyclic Rokhlin property? It is proved (also follows from Theorem 4.4 below) that if α is approximately inner as in the Kishimoto's original case, tracial Rokhlin property implies the tracial cyclic Rokhlin property.
We already pointed out one of the reasons that Kishimoto studied approximately inner automorphisms (or those automorphisms α such that α r are approximately inner for some positive integer r). However, there are other reasons that the condition of approximately inner was used. For example, if α is approximately inner, α * i = id K i (A) . It is easy to see that if α has the tracial cyclic Rokhlin property then α * 0 fixes at least some "large" subgroup of K 0 (A) ( see also 3.6). One reasonable replacement of the condition of approximately inner is the condition that α * 0 = id K 0 (A) . A much weaker condition is that α * 0 fixes a "dense" subgroup of K 0 (A). The main theorem of this section is Theorem 4.2 below.
Lemma 4.1. Let A be a unital separable simple C * -algebra with real rank zero and stable rank one and let α ∈ Aut(A). Suppose that there is a subgroup
for all a ∈ A.
Proof. Let p ∈ A be a projection. Since ρ A (G) is dense in ρ A (K 0 (A)) and A is simple and has real rank zero and stable rank one, there are projections p n ≤ p such that
Similarly, there are projections e n ≤ 1
It follows that lim
However, [1 − e n ] ∈ G, by the assumption,
Since A has stable rank one, we have
uniformly on T (A). Thus, for any ǫ > 0, there exists N such that
for all n ≥ N and τ ∈ T (A). It follows that
(e 4.26)
Therefore, for any projection p ∈ A,
for all τ ∈ T (A). Since A has real rank zero, the above implies that τ (α(a)) = τ (a) for all a ∈ A s.a . The lemma then follows. 
, then α satisfies the tracial cyclic Rokhlin property. Theorem 4.2 strengthens Theorem 3.14 of [22] . This is done by improving Lemma 6.3 of [22] . The rest of the proof will be exactly the same as that of Theorem 3.14 of [22] (which follows closely an idea of Kishimoto) but applying Lemma 4.3 below. The proof of the lemma is conceptional easier than that of Lemma 6.3 of [22] . The proof of Lemma 6.3 of [22] used some more technical version of the main theorem (Theorem 3.4) of [22] . The proof below uses instead an easy fact that two monomorphisms from a finite dimensional C * -algebra B to a unital simple C * -algebra A with stable rank one are unitarily equivalent if they induce the same map from K 0 (B) to K 0 (A). 
Then there exist central sequences of projections {q j (l)} and central sequences of partial isome-
for all large j, and
Proof. Claim: If {p j } is a central sequence, then
For any ǫ > 0, by [5] , there are
For all large j, we have
It follows that, for all large j,
for all τ ∈ T (A). This proves the claim. Let F 1 ⊂ F 2 ⊂ · · · ⊂ F n , ... be a sequence of finite subsets in the unit ball such that ∪ ∞ n=1 F n is dense in the unit ball of A. Define
Fix an integer k > 0. There is a projection e k ∈ A and a finite dimensional C * -subalgebra
Note that we may assume that e k = 1 A for all k.
(e 4.27)
It should be noted that if {p j } is a central sequence so is {α l (p j )} since α l is an automorphism. When k is fixed, since B k is a finite dimensional C * -subalgebra by 2.8, there is j(k) > 0 such that, if j ≥ j(k), there is a homomorphism ϕ
for all a ∈ B k , l = 0, 1, 2, ..., L and
We may also assume that p 
By (e 4.28), we may then assume that
(e 4.30)
We now using the fact that
We also chooseḡ j,k (0) = g j,k (0). Now define Therefore {q j (0)} as well as α l (q j (0)} are central sequences for l = 1, 2, ..., L. By (e 4.32), {q j (l)} is also a central sequence for l = 0, 1, ..., L.
It follows that
It remains to verify that {u j (l)} is central. We estimate that, for a ∈ G k , g j,k (0)a ≈ 1/2 k+1 g j,k (0)ϕ j (1 B k )a ≈ 1/2 k+1 g j,k (0)p j (0)e k a (e 4.36) for all a ∈ F k , i.e., u j (l)a − au j (l) < 10 2 k+1 for all a ∈ F k if j ≥ j k . It follows that {u
j } is a central sequence as desired.
If we use the tracial Rokhlin property in P1, then we have the following theorem which is an improvement of Theorem 3.14 of [22] . The proof of it is just a combination of 3.4 and 4.2. Proof. It is known that T R(A) = 0. By 4.4, T R(A ⋊ α Z) = 0. A ⋊ α Z also satisfies the Universal Coefficient Theorem, by [20] , A ⋊ α Z is an AH-algebra with slow dimension growth and with real rank zero. Remark 4.6. It should be noted that if α r is approximately inner for some integer r ≥ 1, then α r * i (K i (A)) = id K i (A) , i = 0, 1. Therefore the condition that α r * 0 | G = id G for some integer r ≥ 1 and for some subgroup G ⊂ K 0 (A) for which ρ A (G) is dense in ρ A (K 0 (A)) is certainly much weaker than the assumption that α r is approximately inner. In fact, this condition may not be necessarily a strong restriction. When A has unique tracial state, sometime it always happens.
In all the cases below, we assume that A is a unital separable simple C * -algebra with T R(A) = 0 and with a uniqiue tracial state. Let τ be the unique tracial state. Then ρ A (K 0 (A)) = D is a countable dense subgroup of R. It is easy to check that any positive homomorphism on D which fixes 1 must be identity. Consider the homomorphism D → D defined by ρ A (x) → ρ A (α * 0 (x)) for x ∈ K 0 (A). It follows that this map must be identity.
(1) Therefore if K 0 (A) has no infinitesimal elements, i.e., K 0 (A) = D. Then α * 0 = id K 0 (A) .
(2) Suppose that there is an integer k > 0 such that kg = 0 for all g ∈ kerρ A (K 0 (A)). For example kerρ A (K 0 (A)) is a finite group. Let G = {kx : x ∈ K 0 (A)}. As we have shown, α * 0 (x) − x ∈ kerK 0 (A), α * 0 (kx) = kx. So α * 0 | G = id G . It is easy to see that ρ A (G) is dense in ρ A (K 0 (A)) since ρ A (K 0 (A)) is dense in R. Note that in this case, G may not be the same as K 0 (A).
(3) Consider the case that K 0 (A) = D ⊕ G with K 0 (A) + = {(r, x) : r ∈ D, r > 0, x ∈ G} ∪ {(0, 0)}, where D is a countable dense subgroup of R and G is a finitely generated abelian group. We assume that, for any nonzero element d ∈ D and any integer n ≥ 1, there is e ∈ D such that me = d for some m ≥ n (D is divisible for example). Suppose that α ∈ Aut(A). It is easy to see that the only homomorphism from D to G must be zero. Thus we must have α * 0 (r, 0) = (r, 0) for all r ∈ D. Put G = {(r, 0) : r ∈ D}. Then ρ A (D) = ρ A (K 0 (A)) and α * 0 | G = id G .
Note that, in this case, α * 0 may not be identity and examples can be constructed easily. Construction of automorphisms with tracial cyclic Rokhlin property can also be found in [24] .
